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Introduction 

A smooth manifold M is endowed by a Poisson pair if two linearly in- 
dependent bivector fields ci,C2 are defined on M and moreover cx = 
XiCi + X2C2 is a Poisson tensor for any A = (Ai, A2) G K^. A bihamilto- 
nian structure J = {cx} is the whole 2-dimensional family of tensors. 

There are two classes of bihamiltonian structures playing important 
role in the theory of completely integrable systems. The geometries 
corresponding to these classes are different and so are the ways for 
appearing of functions in involution. 

The first class, called symplectic in this paper, is characterized by 



the condition that rankc^ = dimM (cf. Convention 1.12 concerning 
the definition of rank) for generic cx G J- If ci is nondegenerate, one 
can define the so-called recursion operator C2 o (ci)-^ : TM TM. 
Its eigenvalues are in involution with respect to ci. Off course, one 
should impose additional conditions on J in order that these functions 
are independent and that they form a "complete" set, i.e. the foliation 
defined by them is lagrangian (not only coisotropic). 

One can obtain examples of global symplectic bihamiltonian struc- 
tures considering holomorphic symplectic manifolds (M, to) and putting 
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ci = Rec, C2 = Imc, where c = is the holomorphic bivector field 

inverse to oj. Off course, locally they are all the same due to the Dar- 
boux theorem and they are quite not interesting from the above point of 
view since the recursion operator coincides with the complex structure 
and has only constant eigenvalues iti. However, these bihamiltonian 
structures will be important for us and we call them holomorphic sym- 
plectic. 

The second class consists of degenerate bihamiltonian structures, 
which are described by the condition max\ rank c\ < dim M. Given 
such a structure, one can construct the family of functions Fq = 
^ceJo -^c) where Jq C J is a subset of tensors of maximal rank and 
Zc stands for the space of local Casimir functions of a Poisson tensor c. 
It turns out that this family is in involution with respect to any cx E J. 
Again, keeping in mind the aim of getting the completely integrable 
system, one should put some restrictions on J. 

An elegant and easily checkable condition which guarantees that the 
family Fq is locally "complete", i.e. defines a lagrangian foliation on a 
generic symplectic leaf of J, is given by the Bolsinov-Brailov theorem 
(see p. 151 ) and is formulated as follows: 

(*) rank(AiCi + A2C2)(x) = Rq for any (Ai, A2) G \ {0}. 

Here Rq = max;^ rank c\ and x is a point in a neighbourhood of which 
we are checking the "completeness" of Fq. Taking (*) as a starting 
point we define complete bihamiltonian structures as those satisfying 
this condition on an open dense subset. 

The reader is referred to papers for the detailed exposition of 

the geometric and algebraic aspects of bihamiltonian structures based 
on the classical theory of pencils of operators. Note that according to the 
terminology of these articles the symplectic and complete bihamiltonian 
structures mentioned above should be called (micro) Jordan and (micro) 
Kronecker (cf. Theorem 2.22| , below). 



The aim of this paper is to study some relations between the above 
classes. More precisely, we study the reductions of holomorphic sym- 
plectic bihamiltonian structures (by means of real foliations) resulting 
in complete ones. The construction inverse to such a reduction is called 
a realization; hence the title of the paper. Our main theorem (see 7.1) 



states the completeness of the reduction J' of the holomorphic symplec- 
tic structure J associated with the canonical symplectic form u; on a 
generic coadjoint orbit M C q*, where g is a complex Lie algebra from 
a wide class including the semisimple algebras (cf. Convention |5.3|) and 
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the reduction is performed with respect to a real form Go C G of the 
(simple, semisimple) complex Lie group adjoint to 3. Also, the "first 
integrals", i.e. the elements of the family Fq corresponding to J', are 
calculated (Proposition |7.2| ). Let us make a few comments on the proof. 

Note that generic coadjoint Go-orbits in g* satisfy the condition of 
Gii- genericity (see Definition [l.lSD . The main theorem is a consequence 
of a relatively simple criterion (Theorem 4.4) of completeness for the 
reduction J' of a holomorphic symplectic structure J by means of a real 
Gi?- generic foliation /C on M. We want to stress that the assumption of 
the Gi2-genericity for IC is natural in the context discussed in Section 4. 
The study of reductions without this assumption seems reasonable, but 
more complicated. 

In order to use the mentioned criterion to the proof of the main 
theorem, one studies the auxiliary complex Poisson pair c, con q*, where 
c : g* — > g* A 0* is the canonical linear Poisson bivector and c is its 
composition with the real involution corresponding to the real form 
go C g. It turns out that for the reduced Poisson pairs c',c' and c',c' 
the "first integrals" coincide (see the proof of Theorem 7T). But it is 
easy to calculate them for c', c' using the method similar to the classical 
method of argument translation ( ) . This enable us to control rank of 
the bivectors from J' in the way required in the criterion. 

The last two essential ingredients of the proof are the Gelfand- 
Zakharevich theorem about the structure of the pair of bivectors in 
a vector space (see |]2|) and some G-R-geometric facts about the Go- 
orbits in g* (Section 6). 

Note that the pair c, c is defined canonically and some of the results 
about it combined with that from Section 6 may be of independent 
interest (see Proposition 3.5, for example). 

The paper is organized as follows. In Section 1 we recall some def- 
initions and facts from the theory of Poisson manifolds and introduce 
the class of complex Poisson structures, which are generalizations of the 
standard ones to the case of the complexified tangent bundle. Holo- 
morphic Poisson structures are strictly contained in this class. Also, 
we recall elementary definitions from the theory of Gi2-manifolds and 
adapt some of them to the symplectic context. 

Section 2 is devoted to bihamiltonian structures and their relations 
with the completely integrable systems. We define complete bihamil- 
tonian structures, present some examples and describe their structure 
from the point of view of the Gelfand-Zakharevich theorem. 

In Section 3 we prove that the Poisson reduction {c'l, c'2) of a Poisson 
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pair (ci, C2) is again a Poisson pair under the requirement of the Unear 
independence for c'^, This result follows from the natural behavior of 
the Schouten bracket with respect to the reduction. We also study the 
relations between the characteristic distributions of ca and c^. 

The main theorem of Section 4 (see |4.4| ) is the criterion mentioned 
above. It is preceded by the discussion of the linear algebraic aspects 
of the reductions resulting in complete bihamiltonian structures. In the 
end of this section a notion of minimal realization is discussed. 

The goal of Section 5 is to study the auxiliary Poisson pair c, c from 
the point of view of Section 2. In particular, it is proved that it is 
complete and the corresponding "first integrals" are calculated. 

In section 6 we show that the coadjoint Go-orbits are C-R-generic 
outside some Go-invariant real algebraic set in g* and calculate their 
dimension and G-R-dimension. We also show that they are isotropic 
with respect to the canonical holomorphic symplectic form uj on the 
corresponding G-orbit. 

The concluding section is devoted to the formulation and proof of 
the main theorem. 

Off course, the inspiration for this paper is, besides the mentioned 
papers of I.M.Gelfand and I.S.Zakharevich, the theory of symplectic 
realizations for Poisson structures Considering realizations of 

degenerate bihamiltonian structures in symplectic bihamiltonian struc- 
tures different from holomorphic ones is also meaningful (recently the 
author was informed by Prof. F.J.Turiel that realizations in a sym- 
plectic bihamiltonian structure of different kind, but also with constant 
coefficients, give an elegant way for reconstructing the bihamiltonian 
structure from its Veronese web, cf. |^). However, the author hopes 
that using of the holomorphic structures opens a new perspective of ap- 
plying the complex-analytic methods to the theory of real bihamiltonian 
structures. 

We conclude this introduction by the following conjecture: a generic 
real-analytic complete bihamiltonian structure has a realization in a 
holomorphic symplectic one; the double complex of differential opera- 
tors related to the problem of reconstruction the bihamiltonian struc- 
ture from its Veronese web (see Q ) is a kind of reduction of the d, (F- 
bicomplex. 
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1 Complex Poisson structures and other pre- 
liminaries 



1.1. Let M be a C°°-mamfold; write £{M) {£^{M)) for the space of 
C°°-smooth real (complex) valued functions on M. We shall write TM 
for the tangent bundle and T'^M for its complexification. 

All complex manifolds M will be treated from the C°° point of view, 
so we shall not use special symbols for the underlying real manifolds. 
The holomorphic tangent bundle will be denoted by T^'^'M. 

For a C°° vector bundle ir : N M, let r(A^) denote the space of 
C°°-smooth sections of tt. Elements of r(A^ TM) (r(A^ T^M)) will be 
called (complex) bivectors for short. 

1.2. Definition A (complex) bivector c G r(A^ TM) (r(A^ T^M)) is 
called Poisson if [c, c] = 0. 

Here [,] denotes the complex extension of the Schouten bracket 

which associates a trivcctor field [ci,C2] G T(/\'^T^M) to two bivec- 
tors ci,C2 G r{/\^ T'^M). The corresponding local coordinate formula 
looks as follows: 

[ci,C2P'=(x) = l (^t{x)^4H^) + ct{x)-^ci'{^)), (1-2.1) 

C . p • ij k 

where Cq = cJ^(.t)^ A gfj,a = 1,2, J^c.p.ijk denotes the sum over 
the cyclic permutations of i,j,k and the summation convention over 
repeated indices is used (the latter will be used systematically in this 
paper). 

1.3. Definition Let M be a complex manifold. A holomorphic section 
of the bundle A^ T^'^M c T'^M will be called a holomorphic bivector. In 
particular, holomorphic bivectors can be considered as complex ones and 
they will be called holomorphic Poisson if, in addition, they are Poisson 
in the sense of previous definition. 

1.4. Definition A hamiltonian vector field c{f) corresponding to a 
function f £ £(M) {£'^{M)) is obtained by the contraction of the dif- 
ferential df and the Poisson bivector c with respect to the first index. 
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1.5. Proposition A (complex) bivector c is Poisson if and only if an 
operation { , }c : £{M) x S{M) — > £{M) {£^{M) x 8^{M) — > £^{M)) 
given by 

{f,g}c = c{f)g, f,ge£{M) (£:^(M)) 

is a Lie algebra bracket overR (C). 

If c is Poisson, then the map f i— > c(/) : £{M) Vect(M), where 
Vect(M) is a Lie algebra of smooth vector fields on M with the commu- 
tator bracket, is a Lie algebra homomorphism. 

1.6. Definition { , }c is called the Poisson bracket corresponding to a 
(complex) Poisson bivector c. A family of functions F C £{M) {£'^{M)) 
is involutive with respect to c if {f,g}c = for each two functions 

f.g^F. 

1.7. Definition Consider a (complex) bivector c at x (z M as a map 

4 : r^*M — > T^M {{T^M)* — > T^M) evaluating the first argument 
of the bivector on a 1-form. Kernel kerc(x) and rank rankc(x) of c at 
x are defined as that of cj, . We say that c is nondegenerate if c" is an 
isomorphism. A complex bivector of type (2, 0) on a complex manifold 
M is called nondegenerate in the holomorphic sense if the restricted 
sharp map : (T^'^^M)* — > T^'^M is an isomorphism. 

1.8. Definition A characteristic sub space Pc^x of a (complex) bivector 
c at X ^ M is defined as imc|.. A generalized distribution of subspaces 
Pc C TM (T'^M) is said to be a characteristic distribution for the bivec- 
tor c. 

Note that a complex bivector of type (2, 0) nondegenerate in holo- 
morphic sense is not nondegenerate since Pc,x = T^'^M ^ T^M. We 
shall usually understand the nondegeneracy of holomorphic bivectors in 
the holomorphic sense. 

1.9. Theorem ([l^D Let c be a real Poisson bivector. The generalized 
distribution Pc is completely integrable, i.e. there exists a tangent to Pc 
generalized foliation {Sa}ael on M: T^Sa = Pc,x for any a (z I and for 
any x Sa- The restriction of c to each Sq, is a nondegenerate Poisson 
bivector; consequently, Sa are symplectic manifolds with the symplectic 
forms uja = (c|sa)~^- 
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Here and subsequently the 2-form a; inverse to a nondegenerate 
bivector c is defined as follows. If A^c" is the extension of the sharp 
map defined above to the second exterior power of T*M, then uj = 
(A^c'')~^(c). The inverse to a nondegenerate 2-form bivector is defined 
similarly. 

The above theorem is also true in the complex analytic category if 
we understand Pc as a holomorphic subbundle in T^'^M and the non- 
degeneracy in the holomorphic sense. The definition of inverse objects 
in this case is analogous to real one. 

1.10. Definition The submanifolds Sa are called symplectic leaves of 
a Poisson bivector c. 

1.11. Proposition Given a complex Poisson bivector c € T{f\^ T'^M), 
its characteristic distribution P^. C T'^M is involutive, i.e. 

[v,w\{x) G Pc,x 

for any complex valued vector fields v, w such that v{x),w{x) £ Pc,x, x € 
M. 

In general, one can say nothing about the complete integrability of 
Pc even if one understands this in spirit of the Newlander-Nierenberg 
theorem. A nonconstant rank of the subspaces Pc,a; or P^^x H Pc,x (the 
overline means the complex conjugation) may be the obstruction here 
as well as some other reasons (see [ITtI). 

1.12. Example Let M = with coordinates zi,Z2,z^, c = zi-^ A 
A + ^"2& A ^ + A ^, / = + \Z2? + ksp. The bivector c 
is obviously Poisson. Since c(/) = 0, its characteristic subspace Pc,a; is 
equal to the (1, 0)-tangent space (cf. |1.17| ) to the 5-dimensional sphere 
S <Z M centered in and passing through x. Off course, this example 
is related to the Lie algebra so(3). We shall generalize it in Section 5. 

1.13. Convention In the sequel, all Poisson bivectors will be assumed 
to have maximal rank on an open dense subset in M. For real Poisson 
bivectors this is equivalent to the following: the union of symplectic 
leaves of maximal dimension is dense in M. 
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1.14. Definition Let c be a (complex) Poisson bivector. Define rank c 
as maXx£M rank c(x) . 

1.15. Definition A Casimir function f ^ 8{U) {£"^{11)) over an open 
set U C M for a (complex) Poisson bivector c is defined by the condition 
c{f) = 0. ^ space of all Casimir functions over U for c is denoted by 
Zc{U) and Z^^^ stands for the space of germs of Casimir functions at 
x,x e M. 

Note that if c is real and rank c < dim M there exist local nontrivial 
Casimir functions and their differentials at x span kerc(2;), provided 
that x is taken from a symplectic leaf of maximal dimension. This is 
not true concerning the global Casimir functions: it is easy to construct 
a Poisson bivector c with rankc < dimM possessing only trivial ones. 

1.16. Definition Let {M,uj), dimM = 2n, be a symplectic manifold. 
A submanifold L C M is called 

• coisotropic if (T^L)-^^^^^ C T^L for any x G L; 

• isotropic if (T^L)^^^^^ D T^L for any x G L; 

• lagrangian if {T^L)^^'^^^ = T^L for any x € L. 

A foliation C on M is coisotropic (isotropic, lagrangian) if so is its 
every leaf. 

Here _Lu;(x) stands for a skew-orthogonal complement in T^M with 
respect to uj{x). For the third case the following definition is equivalent: 
dimL = n and uj\tl = 0. 

1.17. We shall need a specific generalization of this definition in the 
complex case. Let M be a complex manifold with the complex structure 
J : TM — > TM. Consider a C°°-smooth submanifold L C M. Write 
rf^L for T^L^JT^L and T^'^L for T^L^Tl^^M, x e L. Another 
definition for T^^^L is the following: T^^^L = {v - ijv; v G Tf ^L}. 

1.18. Definition (W\];&) ^ called a CR- submanifold in M if 
dimr^''^L is constant along L; we say that this number is C R-dimension 
of L; L is generic (completely real) if T^L + J^T^L = T^M (T^L ® 
JTxL = TxM) for each x G L. 
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If a generic Cii-submanifold L is given by the equations {/i = 
ai,... ,fk = Ok}, ft G £iM), such that dfiA. . .Adfk / along L, Oi G R, 
then a/i A . . . A a/fe / along L and T^^^L = . . . , 

where d is the (l,0)-differential on M, ±1,0 denotes the annihilator in 

1.19. Definition ^4 foliation C on M is a generic (completely real) 
CR-foliation if its each leaf is a generic (completely real) CR-submani- 
fold. 

1.20. Definition Let {M,uj) be a holomorphic symplectic manifold. 
A CR-submanifold L d M is 

• CR-coisotropic if (Ti'°L)^'^(^) C T^'^L for any x G L; 

• CR-isotropic if (Ti'OL)-L'^(^) D T^'^L for any x G L; 

• C R-lagrangian if (T^''^ L)-^'^^^'' = T^'^L for any x G L. 

A CR-foliation C on M is said to be CR-coisotropic (C R-isotropic, 
C R-lagrangian) if so is its every leaf. 

Here _La;(x) denotes a skew-orthogonal complement in T^'^M with 
respect to the (2,0)-form uj{x). 

Suppose C is generic and consists of the common level sets of the 
functions fi, . . . , fk G £{M),k < n = (1/2) dime M. Then C is CR- 
coisotropic if and only if the family {/i, . . . , f^} is involutive with respect 
to the holomorphic Poisson bivector c = (w)"^. In particular, if = n 
one gets Ci?-lagrangian foliation. 

1.21. Definition Let (M, a;),dimM = 2n, be a symplectic manifold. 
A completely integrable system on M is defined as a family of func- 
tions T C £{M) involutive with respect to c = (<^)^"'^ and containing 
a subfamily of n functions that are functionally independent almost ev- 
erywhere on M. In other words, a completely integrable system on M 
is a lagrangian foliation C on an open dense subset in M . 

We conclude this section by recalling main definitions concerning 
hamiltonian actions of Lie groups (see Q for details) . 
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1.22. Definition Let G be a connected Lie group with the Lie algebra 
g. Assume it is acting on a Poisson manifold M with the Poisson bivec- 
tor c, i.e. a Lie algebra homomorphism p : g — s- Vect(M) is given. The 
action is called hamiltonian if there exists a Lie algebra homomorphism 
ip : Q ^ £{M) such that the following diagram is commutative 

II i 

^ Vect(M), 

where c(-) is a Lie algebra homomorphism of taking the hamiltonian 



vector field (see Proposition l.l). 



2 Bihamiltonian structures and completeness 

Let M be a C°°-manifold. 

2.1. Definition Two linearly independent (complex) Poisson bivec- 
tors ci, C2 on M form a (complex) Poisson pair if cx = Aici + A2C2 is a 
Poisson bivector for any A = (Ai,A2) € fC^J- 



2.2. Proposition A pair of linearly independent (complex) bivectors 
(ci,C2) is Poisson if and only if [ci,ci] = 0, [ci,C2] = 0, [02,02] = 0. 



2.3. Definition Let M be a C°° -manifold. A (complex) bihamilto- 
nian structure on M is defined as a two-dimensional linear subspace 
J = {cx}x<=s of (complex) Poisson bivectors on M parametrized by a 
two-dimensional vector space S over R (C). The trivial bihamiltonian 
structure is the zero- dimensional linear subspace in T{f\^ TM). 

It is clear that every Poisson pair generates a nontrivial bihamilto- 
nian structure and the transition from the latter one to a Poisson pair 
corresponds to a choice of basis in S. We shall write (J, ci,C2) for a 
bihamiltonian structure J with a chosen Poisson pair (ci, C2) generating 
J. 

2.4. Definition Let (J, ci,C2) be a bihamiltonian structure. A com- 
plex bihamiltonian structure 

J^ = {Aici + A2C2;(Ai,A2) GC2} 
is called the complexification of J. 
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2.5. Proposition A complex hihamiltonian structure J is the com- 
plexification of some real one if and only if one can choose a generating 
J Poisson pair (c, c), where c G f\^[T'^M), the bar stands for the com- 
plex conjugation. 

Proof. Generate J' by Rec, Imc. Then J = (J')^- Conversely, one 
checks that for (J',ci,C2) the complexification (J')'' is generated by 
ci ± ic2. q.e.d. 

2.6. Definition Let J be a (complex) bihamiltonian structure and let 
Jq (Z J be a subfamily of (complex) Poisson bivectors of maximal rank 
i?o (the set J \ Jq is at most a finite sum of 1-dimensional subspaces). 
We say that J is symplectic if rank cx = dim M for any c\ S Jq and 
that J is degenerate otherwise. 



2.7. Example Consider a family J*^ generated by a pair (c, c), where 
c = (w)^^ is a complex Poisson bivector inverse to a holomorphic sym- 
plectic form u; on a complex symplectic manifold M. Since c is holo- 
morphic and c is antiholomorphic, we have [c, c] = 0. Thus J*^ is a 



bihamiltonian structure. By Proposition 2.5 it is the complexification 
of the real bihamiltonian structure (J, Rec, Imc). This example is fun- 
damental for the paper and we shall need the following fact. 



2.8. Proposition Let M^uj,c and J be as in Example 2.''i. Then 
is symplectic and the only degenerate bivectors in J'^ are those pro- 
portional to c and c. Moreover, rankc c = rankc c = ^ dime M, P^ = 
T^^^M,Ps = T^^^M. 

Proof. The last assertion is obvious as well as the following equality 

GJCJ = 0, 

where _i stands for the contraction with respect to the first index. For 
LOi = Rea;,a;2 = Ima;,ci = Rec, C2 = Imc this implies 

ci-iLOi + C2-IUJ2 = 0, C2_iu;i — C1-IUJ2 = 0. 

We have for A E C 

(Cl + AC2)_|(W1 - AW2) = Cl-ICJi - A^C2_IW2 - A(C1_ICJ2 - C2_iu;i) = 

(1 + A2)ci_itJi = (1 + X'^)^idTM- 
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The last equality is verified directly in the Darboux local coordinates. 
Thus (ci + Xc2)~^ = ^^^ij {uJi — \lj2)- Since ci-iwi = —C2-iu:2: C2 is also 
nondegenerate. q.e.d. 

2.9. Definition Let (M, w) be a complex symplectic manifold. The 
bihamiltonian structure J and its complexification from Example 2. 1 ' 
are called holomorphic symplectic. 



2.10. Given a (complex) bihamiltonian structure J, let Fq denote the 
space EceJo^c(M)) cf(M). 

The following theorem shows how the degenerate bihamiltonian struc- 
tures can be applied for constructing the completely integrable systems. 

2.11. Theorem Let J be a degenerate (complex) bihamiltonian struc- 
ture on M. A family Fq is involutive with respect to any c\ ^ J . 

Proof. Let ci,C2 € Jo be linearly independent, fi G Zc^ji = 1,2. Then 

{/l, /2K = (AlCi(/i) + A2C2(/l))/2 = -A2C2(/2)/l = 0. (2.11.1) 

Now it remains to prove that for any c G Jo,/i G Zc,i = 1,2, one has 
{/i, /2}ca = 0- Foi' that purpose we first rewrite ( p.ll.lp as 

ca(x)(</)i,</.2) = 0, (2.11.2) 

where 0j G kerci(x), i = 1,2, x G M, and the lefthandside denotes a 
contraction of the bivector with two covectors. Second, we fix x such 
that rankc(x) = Rq and approximate df2\x by a sequence of elements 
{4>^}'i^ii 0* ^ ker d{x), where c* G Jq, z = 1, 2, . . . , is linearly indepen- 
dent with c. Finally, by ( |2.11.2| ) we get c\{x){dfi\x.,4>^) = and by the 



continuity {fi, f2}cx{x) = 0- Since the set of such points x is dense in 
M, the proof is finished, q.e.d. 

In fact this theorem is true for the local Casimir functions (for the 
germs of Casimir functions). 



2.12. Definition The functions from the family Fq (see 2.1(\ ) 



are 



called (global) first integrals of the bihamiltonian structure J. The fam- 
ily of functions Y.c£Jo^c{U) (EceJo ^c, J denoted by Fq{U) (Fq^^) 
and its elements are called local first integrals over an open U <Z M 
(germs of first integrals at x M). 
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In order to obtain a completely integrable system from Casimir func- 
tions one should require additional assumptions on the bihamiltonian 
structure J. Off course, the condition of completeness given below con- 
cerns the local Casimir functions (in fact their germs) and may be in- 
sufficient for obtaining the completely integrable system. However, it is 
of use if the local Casimir functions are restrictions of the global ones 
(see Example 2.2C1| , below). 



Given a characteristic distribution Pc C TM [T^M) of some (com- 
plex) Poisson bivector and a point x G M, let P*^^ denote a dual space 
to Pc,x- Any functional (j) G T*M {{T^M)*) can be regarded as an 
element of P*^ called the restriction of (j) to Pc,x- 

2.13. Definition (^) Let J he a (complex) bihamiltonian structure; 
fix some c\ G J. 

J is called complete at a point x M with respect to cx if a linear 
subspace of P*^ ,^ generated overR (C) by the differentials of the germs 
f £ Fo,x restricted to Pcx,x has dimension ^ diuiT^ Pc^^x (■^ dime Pcx,x)- 



2.14. Proposition A (complex) bihamiltonian structure J is com- 
plete with respect to c\ & J at a point x € M if and only if dim{f^^fzjgPc,x) 
= \ dimPc;,,x- 

Proof is obvious. 

The following theorem is due to A.Brailov (see |^], Theorem 1.1 and 
Remark after it). 

2.15. Theorem A (complex) bihamiltonian structure J is complete 
with respect to Cx G Jq at a point x (z M such that Pc^ ,x is of maximal 
dimension if and only if the following condition holds 

(*) rankc(x) = Rq for any c G J*^ \ {0} (J \ {0} ), 

where Rq is as in |g. 6| . 

Proof of this theorem is a consequence of the following linear algebraic 
fact. 

2.16. Proposition (^) Let V be a vector space over R (C) and let 
J be a two dimensional linear subspace in /\^ V. In the real case we let 
jc ^ yy2 yc dgYiote the complexification of the subspace J. We write 
Jo C J for the subset of bivectors of maximal rank Rq and Fq C V* 
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for the subspace generated by the kernels of bivectors from Jq. Let c' : 
V* —)■ V stand for the corresponding sharp map of c ^ f\^V (of. 

Then, given a bivector c\ G Jq, the following two conditions are 
equivalent: 

(i) dim(Fo|pJ = l/2dimPA, where Fo\p^ = Span{{/ [pJ/e^^J C 

and Px = c{{V*); 

(ii) rankc = Rq for any c G \ {0} (J \ {0}j. 

Proof. We reproduce the proof from with a small completion. 

We perform the proof in the following four steps. 

First, we observe that for any two bivectors a,b G J \ {0} one 
has the equality aS(Fo) = 6^(Fo). Indeed, suppose that a,b are linearly 
independent. The subspace Fq is generated by a finite number of kernels 
ker 5i, . . . , ker 6s, 6i G Jq. Without loss of generality, we may assume 
that bi = OjO + Pib, where Oj, /3j 7^ 0. Since (ajo" + /3j6^)(ker bi) = 0,i = 
1, . . . , s, then a''(ker 6j) = 6''(ker 5j) and, consequently, a^(Fo) = 6^(Fo). 

Second, consider the skew-orthogonal complement Fq = (Fq)-^'^ = 
(6^(Fo))^ and note that: 1) it does not depend on 6 G J \ {0} (previous 
step); 2) Fq C Fq (the skew-orthogonal complement of any subspace 
in V* with respect to any 6 G J \ {0} contains kerb, in particular 
Fo D ker 6, 6 G J \ {0}); 3) if a G Jq, then 6»(Fo) C a''(Fo) for any b e J 
(this is equivalent to {F^'')^'' D (Fq-")-^" or Fo+ker b D Fo+ker a = Fq). 

Third, given two linearly independent bivectors a,b G J, with 
rank a = Rq, we define a "recursion" operator $ : Fq/Fq Fq/Fq by 
the formula <^{tt{C)) = 7r((a»)-i6tt(^)), where ^ G Fq and tt : Fq ^ Fq/Fq 
is the natural projection. The operator is correctly defined due to the 
conditions a(Fo) = 6(Fo), 6(Fo) C a(Fo)) and kera C Fq. It is easy 
to see that the eigenvalues of $ are precisely those A G C for which 
rank(a — Xb) < Rq. In particular (ii) holds if and only if $ does not 
have eigenvalues, i.e. Fq = Fq. 

Finally, we use the following sequence of subspaces and relations 
between them 

Fq = 7r-Hvr(Fo)) = ^-^(FqIpJ C 7r-i((c»(Fo|pJ)^^) = 

(4(Fo|pJ)^ = (cl(Fo))^=Fo, 

where ir :: V* —)■ V/P^ = P^ is the canonical projection and _La is the 
annihilator in the sense of the dual pair (P\, P^). The essential moment 
here is that kervr = kerc^ C Fq; this implies the first equality. The 
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only inclusion in this sequence is the equality, i.e. -FqIpa is a lagrangian 
subspace with respect to Cx\p^, if and only if condition (i) holds, q.e.d. 

Theorem p. 15 shows that J is complete with respect to a fixed cx E 
Jo at a point x such that the dimension Pc^^x is maximal if and only 
if J = JoU{0} and J is complete at x with respect to any nontrivial 
c\ S J. This motivates the next definition. 

2.17. Definition Let (J, 01,02) be a (complex) bihamiltonian struc- 
ture. The structure J (the pair {01,02)) is complete at a point x £ M if 
condition {*) of Theorem \2.1d^ holds at x. J ({01,02)) is called complete 
if it is so at any point from some open and dense subset in M . The 
trivial bihamiltonian structure is complete by definition. 



2.18. Corollary Let a bihamiltonian structure J be complete at any 
X from some sufficiently small open set U. Then the functions from 
Fo{U) (see define a foliation C on U that is lagrangian in any 

symplectic leaf Sx of any cx\u,cx € J\setminus{0} . On the overlap of 
two such sets the corresponding foliations coincide. 



Proof. The first assertion follows from Theorem 2.15. The second one 



is a consequence of the uniqueness of the set of local first integrals of a 
degenerate bihamiltonian structure, q.e.d. 



2.19. Definition The foliation C described in Proposition 2.18 will be 



called the bilagrangian foliation of a complete bihamiltonian structure. 



2.20. Example (Method of argument translation, see 0], Q.) Let g 
be a nonabelian Lie algebra, g* its dual space. Fix a basis {ei, . . . , e„} 
in g with the structure constants {cfj}. The standard linear Poisson 
bivector on g* is defined as 

ci(x)=c,,.x,— A— , 

where {x^} are linear coordinates in g* corresponding to {ei, . . . ,6^}. 
In more invariant terms ci is described as dual to the Lie-multiplication 
map [,] : g A g — > g. It is well-known that the symplectic leaves of 
ci are the coadjoint orbits in g* . Now define 02 as a bivector with 
constant coefficients 02 = o{a), where a is a fixed point on any leaf 
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of maximal dimension. It turns out that ci,C2 form a Poisson pair 
and it is easy to describe the set / of points x for which condition 
(*) fails. Consider the complexification (g*)"' = (g"')* and the sum 
Sing(g'')* of symplectic leaves of nonmaximal dimension for the complex 
linear bivector c^jZ^-^ A where zj = Xj + iyj, j = 1, . . . ,n, are the 

corresponding complex coordinates in (g*)*^. Then / is equal to the 
intersection of the sets g* C (g*)*' and a, Sing(0''^)*, where a, Sing(g'^)* 
denotes a cone of complex 2-dimensional subspaces passing through a 
and Sing(0^)*. In particular, (01,02) is complete for a semisimple g 
since Sing g*^* has codimension at least 3. Note that this gives rise to 
completely integrable systems, since the local Casimir functions on g* 
are restrictions of the global ones, i.e. the invariants of the coadjoint 
action. 



2.21. Example (Bihamiltonian structure of general position on an 
odd-dimensional manifold, see @.) Consider a pair of bivectors (ai, 02), 
flj € h^V,i = 1,2, where ^ is a (2m + l)-dimensional vector space; 
(01,02) is in general position if and only if is represented by the Kro- 
necker block of dimension 2m + 1, i.e. 

al=pl^ql+p2^q2^ VPm/\qm f22111 

02 = Pi A 0^2 + P2 A gs H h A Qm+l 

in an appropriate basis pi, ■ ■ ■ Pm, Qi, ■ ■ ■ , Qm+i of V. A bihamiltonian 
structure J on a (2m + l)-dimensional M is in general position if and 
only if the pair (ci(x), C2(x)) is so for any x G M. Such J is complete: 
it is easy to prove that J = Jo[j{0}, ^^^ClceJ Pc{x) = n and then use 



Proposition 2.14. In general, a complete Poisson pair at a point is the 
direct sum of the Kronecker blocks and the zero pair as the corollary 
of the next theorem shows. This theorem is a reformulation of the 
classification result for pairs of 2-forms in a vector space (|§|, ||l 



2.22. Theorem Given a finite- dimensional vector space V overC and 
a pair of bivectors (ci, C2), Cj G there exists a direct decomposition 

V = (S)j=iVj, Oi = J2j=i cf \ o^p e Vj, ^ = Ij 2, such that each pair 
{c^ , 02^) is from the following list: 
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(a) the Jordan block: dim Vj = 2nj and in an appropriate basis of Vj 
(i) 

the matrix of a- is equal to 





-AT 



,i = 1,2, 



where Ai = In^ (the unity Uj x nj -matrix) and A2 = J^. (the 
Jordan block with the eigenvalue X); 

(b) the Kronecker block: dimV^- = 2nj + 1 and in an appropriate basis 

Si) 



of Vj the matrix of a - is equal to 
/ R: ^ 



-BT 



,i = l,2. 



where Bi 



/lOO. 


. .oo\ 




/OlO. . .oo\ 


010. 


..00 




001. . .00 








yOOO. 


..loj 




yOOO. . .01 ) 



({nj-\-l)xnj-matrices). 



(c) the trivial Kronecker block: dimV^- = I, c^^ = = 0; 



2.23. Corollary Let J be a (complex) bihamiltonian structure. It is 
complete at a point x G M if and only if a pair (ci(x), C2(x)), Ci{x) G 
/\^{T^M),i = 1,2, does not contain the Jordan blocks in its decomposi- 
tion. 

Proof follows from the definition of completeness. 

The following example of a complete Poisson pair shows that the 
structure of decomposition to the Kronecker blocks may change from 
point to point. 

2.24. Example (Q) Let M = with coordinates (pi,P2, • • • , Q'4), 
ci = ^A^ + J;A4'C2 = JrA(4 + gi^) + 4 A 3^. Here 
we have: two 3-dimensional Kronecker blocks on M\H,H = {qi= 0}; 
the 5-dimensional Kronecker block and the 1-dimensional zero block on 
the hyperplane H. 
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2.25. Remark The decomposition of a pair of bivectors ci,C2 in a 
vector space V to Kronecker blocks is defined noncanonically. For exam- 
ple, let us consider 4-dimensional V = Span{e,p, qi,q2}, c\ = pAqi, C2 = 
p A q2. Here V = Vi (B V2, where Vi = Span{e}, V2 = Spanjp, gi, 92}, 
but instead Vi one can choose any direct complement to 1^. However, 
dimensions of the direct sums for the Kronecker blocks of equal dimen- 
sion are invariants (see |T^,||l^). For instance, dimension of the sum of 
the trivial Kronecker blocks is equal to dim(ker ci fl kerc2) (see Propo- 



sition 2.26| , below). 



We conclude the section by a result that will be used later on. 

2.26. Proposition Let V be a vector space over C and let a pair of 
bivectors ci,C2 € ^ ^6 such that there are no Jordan blocks in the 
decomposition of Theorem \2. 2^ . Set 

fi = dim(ker ci fl ker C2) 
fj-x = dim(ker ci n ker cx), 

where cx = AiCi + A2C2, Ai, A2 7^ 0. Then fi = fix CLnd this number is 
equal to dimension of the sum of the trivial Kronecker blocks. 

Proof. Let {V',ai,a2),V' C V,dimV' = 2m + l,ai £ V , be a 



nontrivial Kronecker block. By formula 2.21.1 



ker OA = A^g'"+i - XT~^X2q"' + ■■■ + {-irX^q\ 

where ax = Aiai+A2a2 and q^, . . . , 5'"+^ is a part of the basis p^, ■ ■ ■ 
q^, . . . , in V'* dual to pi, . . . pm, qi, ■ ■ ■ , qm+i (let us denote these 
bases by p.,q. and p',q', correspondingly, and call them adapted to 
the pair 01,02). The above formula shows that keroi n kera^ = {0} if 
A2 7^ 0. 

Now, let V = ®'-^iVj,Ci = J2j=icf\i = 1,2, be the decomposi- 
tion to the Kronecker blocks and let V^'+i, ■ ■ ■ ,Vk be all trivial ones. 
Consider a basis of V of the following form 

p.«,q.«,...,p.(^''),q.('='),n,...,r,_,,, 

where p.'^-'), q.(-^) is a basis of Vj adapted to Ci\c2\j = 1, . . . and 
ri, . . . , rk-k' generate Vk'+i, . . . ,Vk, respectively. The dual basis will be 
of the form 

p-«,q-W,...,p-('='),q-(^'),r\...,r^-^' 
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and the above considerations show that ker ci fl ker c\ is generated by 
r^,. . . ^r^~^ if A2 7^ 0; consequently dim(kercinkercA) is constant over 
A, A2 7^ and equal to dimension of the sum of the trivial Kronecker 
blocks, q.e.d. 

3 Reductions and realizations of bihamiltonian 
structures. 

Our next aim is to prove that a Poisson reduction of a bihamiltonian 
structure is again a bihamiltonian structure. This result follows from 
the naturality of behavior of the Schouten bracket with respect to the 
reduction. 

3.1. Consider a C°°-smooth surjective submersion p : M — > M' such 
that p~^{x') is connected for any x' G M' . The foliation of its leaves 
will be denoted by /C. Write : TM — > TM' for the corresponding 
tangent bundle morphism, /\^ : TM — > TM' for its exterior 
power extension and ker /\^ for a subbundle in /V'^ TM that is a kernel 
of Multivector fields on M or M' will be called multivectors for 
short. 

If (J7, {a;^, . . . , x^, y^, . . . , }) is a local coordinate system on M 
such that m! = dimM' and y^, . . . ,y"^ are constant along /C, then the 
restriction Z\u of Z e r{/\''TM) belongs to T{keT /\'' p*){U) if and 
only if each term of its decomposition with respect to {d^i , . . . , dj.i , dyi , 
• • • , dyrn'} contains at least one d^i,l < i < I. 

3.2. Theorem Let Z G T{f\^TM). The following conditions are 
equivalent: 

{i) CxZ € r(ker A'^P*) VX G r(kerp*), where Cx is a Lie derivation; 

(ii) (f)f^^Z - Z e r(ker A'^P*) VtVX G r(kerp*), where (t)f denotes the 
flow of the vector X; 

(m) in any local coordinate system (U, {x^, . . . , x'' ,y^ , . . . , y™'}) on M 
such that m' = dim M' and y^, . . . , are constant on the leaves 
of p the multivector Z can be written as 

Z{x,y) = Z'{y) + Z{x,y), (3.2.1) 
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where 

Z\y) = Z"^-''^{y)dy.,N...Ndy., (3.2.2) 
and Z G r(kerA^P*)(?7). 

// one of these conditions is satisfied for Z, then Z'{x') = /\^ p*{Z{x)), 
x' E M',x G p~^{x'), is a correctly defined multivector on M' . More- 
over, if {p{U), {y^, . . . ,y"^ }) is the induced local coordinate system on 
M' , then the corresponding local expression for Z' coincides with (3.2.i ). 

Proof. In order to prove the last assertion it is sufficient to note that 
for any two points xi,X2 G p~^{x) there exist Xi,...,Xs G r(kerp*) 
and ti, . . . , G R such that o ■ • • o (^^^ (xi) = X2 and then use the 
second condition. 

Obviously, (ii) (i). To prove the converse we choose a vector 
bundle direct decomposition TM = kerp^, © C such that Z G T{C) if 
Z r(kerp^,) and C is arbitrary otherwise. Let 11 : T(TM) — > T{C) 
be a projection on T{C) along r(kerp,,). Then 

j^mf*z -z) = n|(</.^ z -z) = n(-^^[x, z]) = o 

(we have used the equality -^cp^Z = —(pf^[X,Z] and the fact that 
[X, Z] = CxZ, see [15|). Thus Il{(j)f^Z — Z) is a constant with respect 
to t multivector and, since Il{(j)^^Z — Z)\t=o = n(0) = 0, we deduce that 

n(</)^z-z) = o. 

The equivalence (i) <^ (Hi) follows from the local expression 
1 • . 1 

(3.2.3) 

for the Schouten bracket ([jl5|). Indeed, if one applies (|3.2.3|) to the 
local coordinate system from condition (Hi) one finds that CxZ G 
r(ker A''p*) if and only if ( |3.2.1| ) holds, q.e.d. 

3.3. Definition We say that a multivector Z G r(/\'^ TM) is pro- 
jectable or admits the push-forward if one of the conditions of Theorem 
\3.^ is satisfied. The push-forward, which will be denoted by Z' , is the 



uniquely defined multivector from T{/\ TM'), see Theorem 3.i. 



3.4. Definition A complex multivector Z G T{/\^ T^M) admits the 
push-forward Z' G T{/\^ T^M') if the multivectors ReZ, ImZ G 
r(A'' TM) do so. We put Z' = (Re Z)' + i(Im Z)' . 
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3.5. Corollary Let c be a (complex) bivector on M admitting the 
push-forward c' G r(A^ TM') (d G r(A^ T^M') ). Then for any x' G M' 
and any x G p~^{x') the following conditions hold: 

(0 the subspace p.^KiT^JC)^) C T,,M' (p%AK{T^^)^) C T^,M'), 
where _L is the annihilator sign, is independent of x; 

(a) the kernel of the map P*,x\cii{{T^K)^) (P*,x\ci'{{Tf:K.)-^)) equals 

c«((r,./c)^) n T^JC (S{{T^ic)^) n t^k); 

{Hi) the characteristic subspace of the push-forward can be described by 
the following isomorphism 

Pc',x' = c«((r,./c)^)/(c«((r,./c)^) n r,/c) 

(P,,,,, - cH{T^}C)^)/{cH{T^IC)^)nT^}C)). 

Proof. Hi) follows from i) and ii). These last are consequences of 
Theorem \i.2\ q.e.d. 

3.6. Remark Although dimctt((r^/C)-L)/c«((r^/C)-L)nr^./C is constant 
along K., dimensions of c^{{T^K.)-^) and ((T^/C)-^) n T^JC may not be 
so. For example, let p : — > be the projection(xo, xi, X2, xs) i— > 
(xi,X2,X3) and let c = xodx^^ A dx^ + A dx^- Then c is projectable, 
but dimension of c\{Tx}C)^) = Span{(?a;2 , S^s, xo^ajo} jumps at 0. 



3.7. Proposition Let a bivector Zi G T{f\^ TM) admit the push- 
forward Z[ G T{S^TM'),i = 1,2. Then a trivector Z = [^1,^2] G 
T{/\^TM) admits the push-forward Z' G r(A^TM') and Z' = [Z[,Z'^]. 

Proof. In any local coordinate system as in condition {iii) of Theorem 
3.2 Zi can be written in the form 

Zi{x,y) = Z[{y) + Zi{x,y), 

where = Z'{''{y)dy, A dyk and Z, G r(ker A^P*)(t/). By formula 

(S) 

[Zi,Z2]{x,y) = [Z[,Z2]{y) + 

where Z G r(ker A'^P*)(f^)- Thus by Theorem ^]2| Z admits the push- 
forward Z' and Z' = [Z[,Z2]. q.e.d. 
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3.8. Corollary Let (ci,C2) be a Poisson pair on M such that Ci ad- 
mits the push-forward G T{f\^ TM'),i = 1,2, and c'^,C2 are linearly 
independent. Then (c'^,C2) is a Poisson pair on M' . 



Proof follows immediately from Propositions 2.2 and 3.7. q.e.d. 



3.9. Corollary Let (M, cu) be a complex symplectic manifold and let G 
be a real Lie group acting on M by biholomorphic symplectomorphisms. 
Assume that M/G is a manifold. Then c\ = Re(u;~^),C2 = Im(u;~^) 
(see Example \2. Tj ) admit the push-forwards c'l^c^ G T{/^T{M/G)) and 
(c']^,C2) is a Poisson pair on M/G, provided that c'i,C2 are linearly in- 
dependent. 



Proof. It is sufficient to observe that: a) CxjCi = 0,i = 1,2, for 
generators Xi, . . . ,Xi G TTM of the G-action; b) an arbitrary vector 
X G T{kerp^), where p : M — > M/G is a natural projection, is ex- 
pressed as X = a^Xj for some G £{M) and CxCi = [a^Xj,Ci] = 
[a^,Ci] AXj G r(ker/\^p*),i = 1,2 (we have used the standard proper- 
ties of the Schouten bracket, see |jl^,p.454). q.e.d. 

3.10. Definition Let p : M — > M' be as in A bihamiltonian 

structure (J, ci,C2) on M is called protectable (via p) if the bivectors 
ci , C2 are so and their push-forwards c'^ , C2 are linearly independent or 
zero. The bihamiltonian structure generated by c'i,C2 on M' will be 
denoted by J' and will be called the push-forward or reduction of J. 



3.11. Definition Let p : M - 

jectable bihamiltonian structure. 



3.1 and let J be a pro- 



M' be as in 

We say that the triple {M, J, /C) is a 
realization of J' . If, moreover, J is (holomorphic) symplectic (Defini- 



tions 2.t, 



we call {M,J,1C) (holomorphic) symplectic realization. 



4 From symplectic to complete 

Let p : M — > M' be as in ^]l| and let J be a projectable symplectic 
bihamiltonian structure on M with the push- forward J'. In this section 
we discuss some conditions on the triple (M, J, /C) that guarantee the 
completeness of J'. 

In view of Corollary |3.5| , {Hi) and the definition of completeness 
( |2.17| ) our considerations should be linear algebraic in essence. 
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4.1. So let y be a vector space over C and let ci , C2 G ^ be such that 
the bihamiltonian structure J = {c\}x^c^,cx = A1C1+A2C2, A = (Ai,A2), 
where c\ is considered as a constant complex bivector field, is symplectic 
(Definition |2.6| ). Also, let -fC C ^ be a subspace such that the push- 
forwards c'l, c'2 S A^(^')! where V = V/K, (via the canonical projection 
p : V ^ V/K) are linearly independent. 

Set i?o = niax;)^gc2 rankc^, R'q = max;^^^^ rankc';^, where c'^ = Aic'^^-I- 
A2C2, and 

dx = dimc{iK^)/{Knc{{K^)). 

4.2. Proposition The condition of completeness 
(**) rankc^ = R'q for any A G C2 \ {(0,0)} 

holds if and only if dx is independent 0/ A € \ {(0,0)}. 

Proof. By Corollary U, (Hi) the space c{{K^)/{K n c{{K-^)) is 
isomorphic to the characteristic subspace P^.^ = (ca)H^') of push- 
forward c'x- q.e.d. 

Under some additional assumption one can characterize the condi- 
tion of completeness (**) in terms of the subspace K D c^-^{K-^) itself. 

4.3. Proposition Let Ai = Span(;{Ai}, . . . Ag = Span{;{As} be the 
complex lines in on which rankc^ is less than maximal. Set A = 
Ui=i Ai andkx = dimKr\c{{K^). Assume that K-^ nkei c\ = {0},i = 
l,...,s. 

Then kx = codim P^,'^ , where P^' is the characteristic subspace of c'x ■ 
Consequently, the condition (**) of Proposition [^7^ holds if and only 

^/ 

(i) kx = k is constant over A S \ A; 

(ii) k~^^ = ... = k^^^= k. 

Proof. Since cx,X A is nondegenerate, codim(i^ -|- c5^(i^^)) = 
dim.{K n c^-^{K-^) . On the other hand, co dim{K + c\^{K^)) = codim P^/^ 
for any cx- Thus kx = codim P^/^ for A A. 

Now, the condition K-^ fi kerc^- = {0} implies the equalities 

Aj 

dimc| (K-^) = dimc5^(^"'"), i = 1, . . . , s, where A A. Hence codim(if-|- 

Ai 

c\ {K^)) = d\m{K n c| (K-^) and /c; = codim Pc , i = I, . . . , s. q.e.d. 
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The following theorem gives the necessary and sufficient conditions 
for the completeness of the reduction J' of a holomorphic symplectic bi- 
hamiltonian structure J under an additional assumption corresponding 
to that in Proposition [4.3| . Namely, the foliation K, of the leaves of the 
projection p is supposed to be a generic Ci?- foliation. 

Let Ai = (1, i), A2 = (1, — i) and let A denote the cross Spanj;,{Ai} U 
Spanc{A2} C C^. 

4.4. Theorem Let (M, to) be a complex symplectic manifold with the 
corresponding holomorphic symplectic bihamiltonian structure J (see 



Definition \2.!^ and let p : M — > M' be as in 3.1. Assume that the 
foliation K is a generic C R-foliation on M and that c = uj^"^ admits 
the push-forward c' € T{/\^T^M'). For x' € M', X € p {x'), and 
A G \ A sei 

r = dimTi'°/C n (ri'0/c)^^(^), 
where u>\ = {c\)~^ = (Ai Re c + A2 Im c)~^. Assume that these numbers 



are constant along /C (cf. Remark 3.t) and set kf = kf,k^ = k^ 
Then kf = codimc Pc'^^x'^ = codimc Pc',x' = codimc Pc',x'- 
Consequently, the reduction J' of J via p is complete at a point 

x' € M' if and only if 

(i) kf^ = k is constant in A; 

(a) k^' = k 

(Hi) k = mmy/^]\ji k^ . 

Here -Lu}\,-Luj denote the skew- orthogonal complements inT'^M,T^'^M 
with respect to ujx,uj, correspondingly, i.e. (T^IC)^^^ = c5^((T^/C)^), 
{T^^^JC)^^ = cim'^]C)^). 

Proof. If 1^ is a real vector space with a complex structure and 
Y CW a subspace, let W^'^ denote the space {w — ijw; w G W} C 
and let Y^'^ = Y^n W^^^ = {y - iJy, y E F n JY} (cf. [T^. 

Put V = T^M, K = T^IC. We claim that the assumptions of Propo- 



sition |4.3| are satisfied. Indeed, by Proposition 2^ A is appropriate 
since the only, up to rescaling, degenerate bivectors from family J are 
c and c. On the other hand the condition TxIC + JTxfC = TxM of 
Ci?-genericity for K. implies that (T^/C)^ n J*{{TxlC)^) = {0}, where 
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J* : T*M — > T*M is adjoint to the complex structure operator J' on 
TM. This means equalities ((r^/C)-^)^'^ = {0} = ((T,./C)-L)°'i equivalent 
to n T^I'OM = = K^n T^'^M. Recalling that TO'^M = kerc(x) 
and T^'^M = kerc(x) we get the claim. 



Now, put k\ = and k-^^ = k<y^ = k^ and apply Proposition 4.3 . 
Conditions {i) and (u) are equivalent to the constancy of rank for c\ € 
J'{x'), A 7^ 0. Its maximality is guaranteed by (iii). q.e.d. 



4.5. Corollary In the assumptions of Theorem 4-4 suppose that K, 
is completely real (Definition Then if J' is nontrivial it is not 
complete. 

Proof. Assume the contrary. By condition (ii) corank of any c' G 
J' \ {0} is 0. This contradicts with the definition of completeness, 
q.e.d. 

Given a complete bihamiltonian structure J' on M' , consider all its 
realizations with /C being a generic Ci?-foliation. Then the smallest 
realizations in this class will be characterized by the smallest difference 

ri'0/C\ri'0/cn(r^'°/c)^^. 

4.6. Definition Let J' be a complete bihamiltonian structure on M' . 
Its realization {M,uj) is called minimal if T^'^}Cf](T^'^}C)^'^ = T^'^IC, 

.e. K, is a C R-isotropic foliation (Definition 1.2(\) . 



We shall give another characterization of the minimal realizations 
below. 

4.7. There is a natural C-R-coisotropic foliation D /C associated with 
any realization J on (M, of a complete J'. This foliation is built 
as follows. Consider the "real form" J!^ of J', i.e. the following real 



bihamiltonian structure on M' (cf. Proposition 2.5 ) 
{Ai Re c' + A2lm c!]x={x^^\2)ev?^ 

where c' = p,,c, c = Now take the bilagrangian foliation C of J' 

(see Definition p. 191 ). The equations for C are the functions from the 



involutive family Fq (see p.lO| , |2.1lD . We define C a.s p ^{C). Note that 



it is Ci?-coisotropic due to the fact that its equations f ^ p ^{Fq) are 
in involution with respect to c. 
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4.8. Proposition A realization J of a complete bihamiltonian struc- 
ture J' is minimal if and only if the foliation C is a C R-lagrangian 
foliation. 

Proof. Let 2n, r denote rank and corank of the bivector c' G J', 



respectively, and let dime M = 2N. By Definition i.t and Theorem 



4^ J is minimal if and only if r = d, where d is Ci?-dimension of the 
leaves of /C. On the other hand, since /C is generic, C-R-codimension of 
the leaves is equal to their real codimension, hence 2N — d = 2n + r. 
Thus the minimality of J is equivalent to the equality n + r = N that 
is necessary and sufficient for C to be Ci?-lagrangian (see |O0|) . 



5 Canonical complex Poisson pair associated 
with complexification of Lie algebra 

5.1. Let go be a nonabelian Lie algebra over M and let g = be its 
complexification. All our further results can be formulated and proved 
using 00)0 only. But we introduce the corresponding Lie groups for the 
convenience. 

So Go will stand for a connected simply connected Lie group with 
the Lie algebra Lie(Go) = go and G for a connected simply connected 
complex Lie group with Lie(G) = g. One can consider Gq as a real Lie 
subgroup in G (see [Q], IIL6.10). 

Write gg, g* for the dual spaces. Fix a basis ei, . . . , in go; let cfj 
be the corresponding structure constants and let zi = xi + iyi, . . . , Zn = 
Xn + i?/ra be the complex linear coordinates in g* associated to the dual 
basis in g* D gg- There are the standard linear bivectors c = cf^Zfc^ A 

in g* and cq = c^jZ^-^ A ^ in Qq. They can be defined intrinsically 
for instance as the maps 

0*^0*Afl*, 05^0SA0S 

dual to the Lie brackets [ , ] : g A — ^ aiid [J ^ 00 A 00 — ^ 00- 

It is well-known that the symplectic leaves of cq (respectively c) are 
the coadjoint orbits for Go (respectively G). Also, there is a natural 
(right) action of Go on g*: 

(a + ib)g = Ad* g{a) + iAd*g(b),g £ Go,a,b £ qq. 

Let Sing g* be the union of symplectic leaves of nonmaximal dimen- 
sion for c 
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5.2. Proposition The set Sing g* is algebraic. 

Proof. The defining polynomials for Sing q* are minors of m-th order 
of the n X n-matrix ||cfjZfc||, where m = rankc. q.e.d. 

5.3. Convention In the sequel we shall assume that the nonabelian 
Lie algebra g satisfies condition codimc Sing q* > 3. 

5.4. This condition is satisfied by a wide class of Lie algebras includ- 
ing the semisimple ones. Indeed, in the semisimple case we can identify 
0* and by means of the Killing form. On the other hand, it is well 
known that the algebraic set of all nonregular (regular means semisim- 
ple contained in the unique Cartan subalgebra) elements is at least of 
codimension three and contains Sing g*. 

5.5. Definition Let us introduce a set 

C = {z& g*; 3(Ai, A2) E C2 \ {(0, 0)}, Aiz + A2Z £ Sing g*}, 

where the bar stands for the complex conjugation corresponding to go C 
0, and call it the incompleteness set (see |5.^| for the explanation of this 
terminology). 

5.6. Proposition The incompleteness set C is a real algebraic set of 
positive codimension. 

Proof. We use the product 11 = 0* x (C^\{(0, 0)}) with the coordinates 
zi, . . . , Zn, Xi, X2 and the real algebraic map (j) : 11 — > 0* given by the 
formula 

(Zl, . . . , Zn, Ai, A2) 1-^ (AiZi + X2Z1, XiZn + A2Z„). 

The set C can be regarded as pri((/)^^(Sing 0*)), where pri is the pro- 
jection onto 0*. 

The above construction shows that dim^C < dim^ Sing 0* + 4 q.e.d. 

5.7. Example Let 00 = so(3),0 = s/(2,C) ^ C^. Then Sing 0* = {0}, 
C = {z E 0* ; z linearly independent withz}; consequently C is described 
by two real equations: Z1Z2 — Z2Z1 = 0, Z1Z3 — Z3Z1 =0. The set {z € 
0*;z linearly independent withz} is contained in C for arbitrary 0. 
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5.8. Now, we shall introduce a remarkable pair of complex bivectors 
on 0* playing the crucial role in the sequel of the paper. This pair is 



(c, c), where c is as in 5A and c is given by c = Cij^k-^ A One can 



define c intrinsically by the diagram 

0* ^ 0*A0* 
= , 

where c is from ( |5.1.l| ) and ~ stands for the complex conjugation corre- 
sponding to the real form go C q. 



5.9. Proposition (i) c is Go-invariant; 
{ii) (c, c) is a complex Poisson pair; 



(Hi) (c, c) is complete at any point z £ g* \C (see Definition 2.17 ). 

Proof, (i) follows from the G-invariance of the bivector c and Gq- 
equivariance of ~. (ii) is obtained by direct calculations. The last as- 
sertion follows from Proposition |5.6| since the set C consists precisely of 
the points of incompleteness for (c, c). Indeed, rank(Aic -|- A2c)(z) = 
rankc^j(AiZfc + ^2^k)-§^ A ^ is less than maximal if and only if \iz + 
X2Z € Sing 0*. q.e.d. 

5.10. Definition The bihamiltonian structure generated by c,c will be 
denoted by J and will be called the canonical bihamiltonian structure. 

The end of this section is devoted to the study of the first integrals 
(Definition |2.12| ) for the canonical bihamiltonian structure (J, c, c). 

5.11. Definition Let r = corankc (codimension of symplectic leaf of 
maximal dimension). Let us write rank g for r and call this number the 
rank of q. 

Note that for the semisimple case this notion of rank coincides with 
the standard one, i.e. with dimension of a Cartan subalgebra. 

5.12. Definition Let Z^"\U) denote the space of holomorphic Casimir 
functions for c over an open set U C q* . 

An open set [/ C g* \ Sing g* is called admissible if there exist r = 
rank g functionally independent functions from Z^°'(C/). 



28 



5.13. Proposition Let a set U be admissible. Given a function g G 
Z^°'(?7), define a function g G £^{U) by the formula g = {■§§:)zi. Then 
the space Zc{U) of (smooth) Casimir functions for c is equal to {g;g G 
Z^"\U)}[J0{U), where 0{U) is the space of antiholomorphic functions 
over U . 

Proof. The following calculation shows that g G Zc{U): 

(here vj stands for the j-th component of a vector field v = Vi-^)- 

Now, let gi, gr £ Zl}"\U) be functionally independent. We note 
that the (1, 0)-differentials dgi, . . . ,dgr are linearly independent pre- 
cisely at those points where dgi , . . . , dgr are. Thus by the dimension 
arguments (rank c = rank c) the functions gi, - ■ ■ ,gr together with the 
antiholomorphic functions functionally generate the space Zc{U). q.e.d. 

5.14. Definition Define : fl* ^ fl*,A = (Ai,A2) G \ {(0,0)} 

hy 4>\{z) = Xiz + \2Z- This is a ^-linear isomorphism if |Ai| ^ IA2I 
and an epimorphism onto an n-dimensional (n = dimcflj real subspace 
otherwise. 

An open set U C g* \C is called X-admissible if the set (t>x{U) has 
an admissible neighbourhood. 

An open set U C g* \ C is called strongly admissible if it is X- 
admissible for any A G C2 \ {(0,0)}. 

5.15. Proposition Let a setU C g* be X-admissible and let U\ be an 

admissible neighbourhood of<p\{U). 

Then the space Zc^{U) of (smooth) Casimir functions for cx = Aic+ 
A2C, Ai / 0, is equal to{go^^\u;ge Z^°\Ux)} UO{U). 

Proof. Again, let gi,...,gr G Z^°'([/a) be functionally independent. 
Obviously, the functions 5^,1 = 91 ° 't>\i ■ ■ ■ ■,9\,r = Or ° (t>\ Casimir 
functions for c\. They are functionally independent on U since the 
Jacobi matrices D = l\3u-,9r) ^^^^ ^ ^ a{9x,u-,9x r) related as 

0(21, ...,2„j ^ 0{Z\,...,Zn) 

follows 

Dx{z) = XiDocl)x{z). 

So gx,i, ■ ■ ■,gx,r and 0{U) generate Zc^{U). q.e.d. 

The following proposition shows that strongly admissible sets exist 
and describes all of them in the semisimple case. 
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5.16. Proposition (z) Let || • || he a norm in g* Then any open set 
U C Q* \ Sing 2* with a sufficiently small diameter diam U = 
sup^ 11-^ ~ ^'W ^-^ strongly admissible. 

(ii) Assume that g is semisimple. Then any open set U C q* \ C is 
strongly admissible. 

Proof, (z) We start from the following claim: if a set U is admissible, 
then the set XU = {Xu;u S U} is so for any A € C \ {0}. Indeed, the 
bivector c is homogeneous with homogeneity degree 1: /ia,*c = Ac, where 
h\{z) = \z. Hence, if gi, . . . ,gr are independent Casimir functions for 
c over U, then {h*^J~^gl, . . . , {h*^)~^gn are so over h\{U) = AC/. 

Now, assume that the norm is so chosen that \\z\\ = \ \z\\. Then the 
inequality 

IIAiz + — Xiz' — X2z'\\ < |Ai| \\z — z'W + IA2I \\z — z'W 
shows that 

dmm.<j)x{U) < (|Ai| + |A2|)diamC/, (5.16.1) 

where (f)\ is from Definition |5.14| . 

Next, choose a point z £ U (note that z is linearly independent with 
z, see Example ^) and consider the map 9 A 1-^ 0a (-2) G 0*- The 
image of the unit sphere = {|Aip + IA2P = 1} under this map can be 
covered by a finite number of admissible balls Bi,. . . ,-Bm,- Inequality 
5.16.1j shows that shrinking U if needed one can get the following 



MU)cuT=iBiyxeS\ 

Hence, for sufficiently small U 3 z the set 4'\{U), where A G S*^, pos- 
sesses an admissible neighbourhood and by the above proved claim the 
same is true for (j)\{U), A 7^ 0. Since all norms on q* are equivalent this 
completes the proof. 

{ii) It is enough to note that there exists a set gi{z), . . . .,gr{z).,r = 
rankg of global holomorphic Casimir functions for c that are functionally 
independent on g* \ Sing q* . One can identify g and g* by means of the 
Killing form and take for gi, . . . ,gr an algebraic basis of the ring of 
G-invariant polynomials on g. The functional independence of these 
functions on g* \ Sing g* is established in Theorem 0.1 of |14]. q.e.d. 
We summarize the above results in the following Proposition. 
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5.17. Proposition Let U C g* be a strongly admissible set and let U\ 

be an admissible neighbourhood of (j)\{U). The set of first integrals (see 



Definition 2.1i. ) Fq{U) of{J,c,c) over U is (functionally) generated by 
the functions from the sets Fi{U) and 0{U), where the last one is the 
set of antiholomorphic functions on U and Fi{U) is in turn generated 
by Z^-'{U),{~g;g G Z^-^{U)}, {g o cj^xlu; 9 G Z^°\Ux)},X = (Ai,A2) G 



-2 



,Ai,A2 y^O. 



Proof follows from Propositions 5.13,5.15 and from the definition of 
the set Fo(U). q.e.d. 

The following proposition will be crucial in the proof of our main 
result (Theorem |7.1|) . As usual, given a subspace V C (T^g*)*, we set 

yi.o = y n (Ti'V)*- 

5.18. Proposition Let 

li{z) = dim(kerc(2;))^'° n (ker 0(2;))^'° 

and let 

Hx{z) = dim(kerc(z))^'° n (ker ca(2))^'° 

for cx = Aic + A2C, A = (Ai, A2) G C^, Ai, A2 / 0. 
Then 

(i) fi{z) = fj,x{z) for any z £ q* \ C; 

(ii) there exists a real algebraic set TZ,C C TZ C q* , where C is the 

incompleteness set (see Definition \5.3l ), such that ix{z) = fj, is 
constant and minimal on q* \7l and any set with these properties 
contains IZ; 

{Hi) if Q is semisimple the set 1Z\C is empty and fi{z) =0 on g* \ C. 

Proof, (i) We shall use the completeness of the bihamiltonian struc- 
ture (J, c, c) at any z £ q* \ C (see proof of Proposition |5.9| ). By The- 
orem |2.22| and Corollary |2.23| the pair c{z),c{z) G /\'^T^'^g* does not 
have the Jordan blocks in its decomposition. Thus we can use Proposi- 



tion |2.2q to deduce that n{z) = l^x{z)- 

(ii) To prove this condition it is sufficient to note that the subspace 
(ker c(2;))"'^''^n(ker c{z))^'^ annihilates the sum of characteristic subspaces 
Pc,z + Pc,z- Put 7^ = {z G 0*;dim(Pc,z + Pc,z) < m}, where m = 



31 



max^ dim(Pc^2 + Pc,z)- The defining polynomials for TZ are the minors 
of m-th order of the 2n x n-matrix 



4jZk 

If the set TZ defined above lies in C, let us change the definition and 
put TZ = C. 

It remains to prove the inclusion C C 7^ in the case C ^ TZ,C ^ TZ. 
Introduce a set TZx = {z G 0*;dim(Pc,z + Pcx,z) < nT-x}, where mx = 
max^dim(Pc,2 + -Pca, 2)1^2 7^ 0. Then by (i) TZ\,\2 / coincides with 



= Cl{TZ\ \ C) (Zarisski 
^ A2 7^ be such that 



TZ outside C. Since TZ = Cl{TZ \ C) and TZ\ 
closures), one gets TZ = TZ\. 

Now, let z G C and let A = (Ai,A2) G C-,A2 
Tax\kc\{z) < Rq (cf. the definition of completeness, p.l7 ). Then 
dim(Pc,2 + Pcx,z) < rnx- Consequently, C C TZx = If the only 
(up to the proportionality) bivector of nonmaximal rank in the family 
{cx{z)} is c, then dim(Pc,z + Pc,z) < 'm and again C C TZ. 
{in) It follows from Proposition 2.26 that dim(ker 0(2;))^''^ H (ker c(z))^'*^ 
is equal to dimension of the sum of the trivial Kronecker blocks for the 
pair c{z), c(z). If we consider c, c as elements of r(/\^ T^'^^q*), the same 
arguments as for the method of argument translation ([|16|, Theorem 
4.1) show that in the semisimple case the trivial Kronecker blocks are 
absent for any 2: G g* \ C. q.e.d. 



5.19. Definition We call the set TZ from Proposition 5.18 the Kro- 
necker irregularity set and the number /i the trivial Kronecker dimension 
of the Lie algebra g. 

The following example shows that for nonsemisimple Lie algebras 
the set TZ \ C may be nonempty and the trivial Kronecker dimension 
may be nonzero. 

5.20. Example Let g = Span{pi,p2, gi, • • • , 94, /i, • • • , /4, 5i, • • • , 94} 
be a fourteen-dimensional Lie algebra with the standard linear Poisson 
bivector c = A (/i^ + ' ' ' + ^^i) + A {g^^ + ... + g,^J. 
Then TZ is given by one real equation 

fi /2 /a /4 
gi 92 93 94 
fl /2 /s 

91 92 93 54 
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The set Sing g* consists of the points where the vectors + 

' ' ' ~^ -^^^'^i^ + • • • + are Unearly dependent, i.e. the defin- 

ing equations for Sing g* are /152 - /251 = 0, figs - hgi = 0, fig^ - 



figi = 0. However, the proof of Proposition 5.6 shows that codiniRC > 
codiniR Sing g* — 4; consequently, in our example codiniK C > 6 — 4 = 2 
and C ^ TZ. 

Here fi = 8 since /i , • • • , /4 , ffi , • • • , 54 are the common Casimir func- 
tions for cc. 

Also, fi will be nonzero for all reductive nonsemisimple Lie algebras. 



Note that the above examples agree with our Convention 5.3 



6 Ci?-geometry of real coadjoint orbits 

We retain the notations and conventions from the previous section. The 
reader is referred to Section 1 for the Ci2-geometric concepts used below. 

6.1. Proposition (i) The bivectors ci = Rec, C2 = Imc are Poisson. 
(a) The coadjoint action of G^, where Gr is G considered as a real Lie 



group, is hamiltonian with respect to ci,C2 (see Definition 1.2i). 



{Hi) The generalized distribution of sub spaces tangent to the G^-orbits 
is generated by the vector fields c{zi) + c{zi),i = 1, . . . , n. 

Proof, (i) The more general statement that the pair ci,C2 is Poisson 



is proved by the same arguments as in Example 2.7. 
{ii) First, we shall prove that the holomorphic coadjoint action of G on 
g* is hamiltonian in holomorphic sense with respect to c. Consider the 
antirepresentation Ad* : G ^ g*. The corresponding Lie algebra action 
p : g ^ Vect''°'(0*), where Vect'*°'(0*) is the Lie algebra of holomorphic 
vector fields on g*, can be described as follows. The vector field p{v),v G 
g, is equal to 

z^ad*{v)z:g* ^g* ^T^'%*. 



On the other hand, if ei, . . . , e„, cf^ are as in 5.1, then 



< ad*{ei)z,ej >=< z,ad{ei)ej >=< z, [ei,ej] >=< z,c^jek >= c^jZh, 

where we put z = zie^ + • • • + Zne^. Hence, p{ei) = c^jZk-^ = c{zi) 
and the corresponding antihomomorphism if) : g 0{g*) (cf. Defini- 
tion 1.22| ) is defined by 1— > Zj, i = 1, . . . , n. 
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Now, the Lie algebra action Pr : 0k — So © i0o Vect(0*), where 
= is over M, corresponding to the antirepresentation Ad* : Gr — >• q* is 
described by the formulas 

< ad*{ei)z,ej >= c\jXk,< ad*{iei)z,ej >= c^jVk 
< ad*{ei)z,iej >= c^jyk,< ad*{iei)z,iej >= -c^jXk- 

Consequently, 



k d I. d 



pwiei) = CijXk-^ + CijVk-^ = (c + c){zi + Zi) = (c - c){zi - Zi) 
and 



d d 

PR(iej) = '^ijVk-Q^ - = + c){zi - Zi) = (c - c){zi + Zi). 

{Hi) This condition follows from the proof of {ii) and from the obvious 
equality (c + c)(zj + Zi) = c{zi) + c{zi). q.e.d. 

6.2. Proposition Let O be a Go-orbit through zq S g*. Then O is a 
generic C R-manifold in the G-orbit G{zq); 

Proof. The Go-invariance of the complex structure J7 on q* implies the 
constancy of dimTzO f] J'T^O , z € C To prove the genericity we note 
that the tangent bundle TO is generated by the vector fields c{zj) + 
c{zj),j = 1, . . . ,n (Proposition |6.1| ,(ui)), and that J' acts on them as 
follows 

J{c{zj) + 4^) = i{c{zj)-4l~)). (6.2.1) 

Thus TO+JTO is generated by the real and imaginary parts of the vec- 
tor fields c{zj),j = 1, . . . ,n, spanning T^'^G{zo). Hence TzO + J'TzO = 
T^G{zo). q.e.d. 

The next proposition gives some characterization (another one can 



be found in 5.5) of Cii-dimension of a Go-orbit. 



6.3. Proposition Let O be a Go-orbit through zq E g* . Write G^ 
(respectively Gq) for the stabilizer of z (z q* in G (respectively Gq) and 
9^ (Bo) fof the corresponding Lie algebra. Then for any z ^ O 
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Proof. We study the embedding of T^O in the tangent space TzG{zq) 
to a G-orbit G{zq). At the Lie algebra level it is equal to a map 

: flo/flo — ' 0/0' 

induced by the inclusions 0o ^ 0;0o 0^- The intersection t (00/00) ^ 
(00/00)1 where J is the complex structure on 0/0^ induced by the 
multiplication by i, is equal to 

{s + 0g; s G 00, 3t G 00, s - it G 0^}. 

We define a map 

: 0' ^ ^^(00/00) n Jiimhl) = T,of]jT,o 

by the formula 

0^= 9 s - it 1-^ s + 0"^, 

where s,t G 0o- The kernel of cp is equal to {s — it G 0^;s G 0^} = 
{s - it G 0^;s G 00 = 0^ n 00}. Since ad*s{x) = ad* s{y) = for 
s G 00, a: = Re z, y = Im 2, one gets 

= ad*{s - it){x + \y) = -iad*{t){x + \y) 

ad*{t)x = ad*{t)y = ^ t G 00- 

Thus ker(/) = (00)^- The surjectivity of (f) is obvious, q.e.d. 

6.4. Proposition Let O he a Go-orbit through zq G 0*\Sing 0* and let 
gi,...,gr G Zl^°\U),r = rank0, he independent holomorphic Casimir 
functions for c in some neighbourhood U C g* \ Sing 0* of zq. Then 
T^'^O is generated over U by the vector fields c{gi), . . . , c{gr) (see Propo- 
sition 5.13^ for the notations). 

Proof. By formula ( |6.2.1| ) TO^^JTO is generated by hnear combi- 
nations a^{c{zj) + c{zj)),a^ G '^(0*), such that there exist G £{b*) 
satisfying the equality 



a^{c{zj) + c{zj)) = pn{c{zj) - c{z,)). 

This implies 

{a^ + iP^)c{zj) + {a^ - i/3^')<i^ = 

and 

7^c(z,) = 0, (6.4.1) 
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where we put 7-' = a-' + iP^ . 

In order to calculate all vector functions 7 = (7^,..., 7") satis- 
fying (6.4.1) one observes two facts. First, that the vector functions 

, . . . , r, satisfy ( |6.4.1 ). Second, the dimen- 



, m 



l{m) — \ dzi ^ ■ ■ ■ ^ dz„ 

sion arguments show that any 7(z) for which (6.4.1) holds is a linear 
combination of 7(1) (z), . . . ,7(^-)(z) ii z G U. 

In other words, T'^^O is generated by + ^)ic{zj) + c{zj)),i = 
1,... ,r, and T^'^O by 



i^ + i^)Mz,)+c{z,))-iJ{ 



dz-i 



dzj 



dgm , ,dg, 
dzj 



+ 



dzj 



)){c{zj) + c{z,)) 



+ i^)Mzj) + c{zj) + c{z,) - c{z,)) 



dz. 



dz 



2c{gm) + 2( 



2c(5m)- 



q.e.d. 

In the next result we describe dimension and once more C-R-dimension 
of generic Go-orbits. 

6.5. Corollary Let O he any Go-orbit lying in the complement to the 
Kronecker irregularity setTZ (see Definition 5.100 , which is Go-invariant 
by Proposition 5^. Then 

(i) dime T^^'^'O, € O, equals r — n, where r = rankg and fi is the 

trivial Kronecker dimension; in particular, if g is semisimple, 
dime r^^'°0 = r; 

(ii) dimO = n — fi, where n = dimg. 

Proof, (i) follows immediately from Propositions |6.4| , 5.13, and 5.18| . 
(ii) is a consequence of (i) and Proposition |6.3| (since dimcg^ = r). 
q.e.d. 

The following corollary characterize generic Go-orbits in g* from the 
symplectic point of view. 

6.6. Corollary Let O be a Go-orbit through zq G 0* \ Sing q* . Then 
O is a CR-isotropic submanifold in M (Definition 1.2C ). 
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Proof. First we shall show the Go-invariance of the functions gi, . . . ,gr. 
We use the equality 



q,^+q,z.^=0 (6.6.1) 



obtained by the differentiation of the equality (^jZk^^§^ = with respect 
to zi- Conjugating ( |6.6.1 ) and multiplying by zi one gets 



n / / dgm ^ k - / 9m . 



-{c{zj) +c{zj))gm. 

This proves the claim. 

Now, recall that (T^'^O)-^'^ is generated by the vector fields c(/), 
where / runs through all Go-invariant functions. Thus by Proposi- 
tion O r^'O© C (Ti'OO)-L'^. q.e.d. 



7 Main theorem: completeness of reductions 
for generic coadjoint orbits 

We retain notations and conventions from two preceding sections. 

7.1. Theorem Let U be an open set in a G-orhit M C g* such that 
U' = U/Gq is a smooth manifold and let p : U ^ U' be the canonical 
projection. Write J for the holomorphic symplectic bihamiltonian struc- 
ture on M associated with the restriction of the standard holomorphic 
symplectic form u = {c\m)~^ ■ 

Then the reduction J' (cf. Corollary 3^ and Definition 3.1(\) of J\u 
via p is a complete bihamiltonian structure at any z' ^ p{U Pl^); where 
TZ is the Kronecker irregularity set (see Definition 5.1!^ . In particular, 
J' is complete on U' if U is not contained in TZ. 



The realization J of J' is minimal (see Definition 4-(- )■ 



Proof. We are going to use Theorem 4.4 and the notations from 



it. 



The foliation /C of leaves of p is a generic G-R- foliation due to Propo- 

are constant in z if z' 



sition 6.2. The numbers k^, k 



p{z) is fixed due 
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to the Go-invariance of all ingredients. Thus the assumptions of Theo- 



rem are satisfied. 

By Corollaries 6.5 and 6.6 the number = dimr^^''^/Cn 



{TI''^1C)'^^^^\ z € p ^{z'), equals r — fi, where r = rankg and n is 
the trivial Kronecker dimension (see Definition p. 191 ), for any z' € U'. 
We now shah prove that the number fcf = dimT^/C n(7'^/C)^'^^(^), z e 
p~^{z') satisfies the inequality 

k( > r' (7.1.1) 

for any z' € M', A = (Ai, A2) G \ A. 

For that purpose we shall put ca = Ai Rec-|- A2 Imc,u;A = (cA|m)^^ 
and use the fact that {T^K,)-^^^, is generated by the vector fields c\{f), 
where / varies through the functions constant along /C. Given a point 
z £ U \ TZ, we shall define r functions gx^i, . . . , (?A,r in a neighbourhood 
Uz of z such that the vector fields ca(5a,i); • • • iCxigx^r) are tangent to 
K, and r — /i of them are independent on Uz- 



Let us choose Uz to be strongly admissible (see Definition 5.14 and 



Proposition 5.16 ) and put 



a\,l = 51 (^2^ + Aiz), . . . ,C/A,r = 5'r(A2Z + \iz), 

where (Ai,A2) = (|(Ai — iA2), ^(Ai + iA2)) G is such that c\ = 
Aic + A2C and gi,...,gr are functionally independent Casimir func- 
tions for c. These functions are functionally independent over Uz and 
their ^-differentials generate (ker(A2C + Aic)^'° (see Proposition p. 15 ). 



On the other hand, kerc^ = kerc and Proposition 5.18 implies that 
over Uz there are exactly r — fi independent among the vector fields 

Ca(5'A,i), • • . ,CA(s'A,r)- 

The nondegeneracy of c\ implies the independence of the vector 
fields CA(g'A,i)) ■ ■ ■ , c\{g\^r) at z G M \ C. The following equalities show 
that these vector fields are tangent to /C (TAT is spanned by c{zi) + 



c{zi),i = 1, . . . , n,see Proposition |6.1| ) 

CA(5'A,m) = Aic(fi(A,m) + A2c(gA,m) = 

T fTi / \ T Tfi / \ T T ^QfTi I / / \ — 7 \"\ 

^l^^c(^i) + = ^1^2^lA2^+Aif(c(^i) + C(^i))- 

Here we used the obvious identities 

dgx,m 7 dgm, 

A2- 



dzi dzi 
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dg\,m _ T dgm I 



Thus we have proved ( [7.1 .11 ) that is equivalent in view of Theorem 4.4 
to the following 

rankc';\(2;') < rank c'(2;'), € U' \p(7^). 

By the lower semi-continuity of the function /(A) = rank c^, A G C^, 
this gives 

rankc';!j^(z') = rankc'(2;'), € U' \p{'R). 

Thus we have obtained the constancy of in A and the equality k^ = 
F for z' G U' \p(7^). Since this number is also independent of z' , 



condition (iii) of Theorem 4.4 is satisfied. 

The minimality of the realization J for J' follows from Corollary 
q.e.d. 

We finish the paper by a characterization of the first integrals (see 



Definition 2.12) of the reduction J'. It turns out that they are intimately 
related with the first integrals of the canonical bihamiltonian structure 
J (see Section 5). 

7.2. Proposition (i) Let U <Z q* he a strongly admissible set (see 
Definition \5. l4 ) and let Fi(U) be as in Proposition 5.11 . Then 
the functions from Fi[U) are Go-invariant. 



{ii) Retaining the hypotheses of Theorem 7.1 assume that U is strongly 
admissible. Then the set of first integrals Fq(U') of the bihamilto- 
nian structure J' over U' is equal to the set (Fi ([/))' consisting of 
the elements of the set Fi{U) regarded as functions on U' = U/Gq. 

Proof, (i) The elements of Z^°'([/) are Go-invariant by the definition, 
the Go-invariance of the functions from {g;g G ^^"'([7)} is established 
in the proof of Proposition G.C. To prove it for the elements from {g o 



(pxlu'iQ G Z^"'-{Ux)}, where Ux is an admissible neighbourhood ol4>x{U), 
it is sufficient to notice the Go-equivariance of the map (j)x. 



(ii) It follows from the proof of Theorem 7.1 that the mentioned there 
functions gx,i, ■ ■ . , gx,r G ^i{U) (now one can put Uz = U) being re- 
duced generate the space of the Casimir functions Z^i^, where is the 
reduction of the bivector ca,A G \ A. Moreover, by the proof of 



Proposition |6^ the functions gi, . . . ,gr generate the space Z^' after the 



reduction, q.e.d. 
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7.3. Corollary Let U C q* be a strongly admissible set. Then the 
common level sets of functions from the family {Re/, Im/;/ G Fi(U)} 
form a foliation on U that is a C R-lagrangian foliation (see Defini- 
tion \1.2(\ ). 



Proof, this foliation is the Ci?-lagrangian foliation associated with the 
minimal realization ([/, J|^,/C) of the complete bihamiltonian structure 



J' (see 4.7, 4.8). q.e.d 
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